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CN ; Abstract 

Let {M,g) he a compact Riemannian manifold of dimension n > 2 and l < p < 2. In this work we prove the 
validity of the optimal Gaghardo-Nirenberg inequahty 



Bq 



o 
q 

^ ; ( / \u\^dv, ) < ( A^pt I + B I \u\Pdvg ) ( / \u\'^dv, 

I— I, for a family of parameters r, q and 9. Our proof relies strongly on a new distance lemma which holds for 1 < p < 2. 
In particular, we obtain Riemannian versions of LP-Euclidean Gagliardo-Nirenberg inequalities of [S] and extend the 
optimal L^-Ricmannian Gagliardo-Nirenberg inequality of [5] in a unified framework. 

\o . 

(N ; 

od 1 Introduction and the main result 

O . 
I> . 

, Best constants and sharp first-order Sobolev inequalities on compact Riemannian manifolds have been extensively 
^ r studied in the last few decades and surprising results have been obtained by showing the influence of the geometry on 

such problems. Particularly, the arising of concentration phenomena has motivated the development of new methods 
d I in analysis, see |13j . [2] and [llj for a complete survey. Our main interest in this work is the study of optimal 

L^-Riemannian Gagliardo-Nirenberg inequalities. Such inequalities are connected for instance to a priori bounds of 

Solutions of some elliptic equations, see [7]. 
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Let 1 < p < n and 1 < q < r < p*, where p* = is the Sobolev criticai exponent. Denote by _DP'''(K") the 
completion of C^(M") under the norm 

lklbp..(B") = \Wu\Pdxy + (^1^ \u\'^dx^^ 

The L^-Euchdean Gaghardo-Nirenberg inequality states that for some Constant A, 

p p(i-e) 

H'-dx] <a( [ \Wu\Pdx] ( [ lul^dx] (1) 



for ali DP''^{W^), where 9 — 9{p, q, r) — ^^^^^'f~y^^^-^ G (0, 1]. According to [T, up to the Constant A, these inequalities 
are ali equivalent for p fixed. Designate by A{p,q^r) the best Constant associated to ([IJ. Then, the optimal L^- 
Euclidean Gagliardo-Nirenberg inequality yields 



p(i-a) 

krdx) <A{p,q,r)[l \Vu\Pdx\[l |M|«da;' 



In [8], Del Pino and Dolbeault studied this inequality ioi p < q < and r ~ ^^^^y^. They proved that the 

extremal functions associated to A(p, q) = A{p^ q, ^^^^3r^) given precisely by u{x) — aw{(3(x — xo)), where a G M, 



7^ 0, e K" and 



q-p 



and using this fact, they found 



A{p, q) 



w{x)=[l + ^^\x\^^] , (2) 



Kpv^ J Kn-iq-pìJK pq J l pi-p-i "^-^("-p) -)p( "(p~i) j i) 



Let {M,g) he a compact Riemannian manifold of dimension n > 2. An easy partition-of-unity argument and ([T]) 
lead to the existence of constants A,Be'R such that 



M 



< A 



\VnU\Pdv„+B 



M 



Pdv, 



M 



ìuì'^dv, 



M 



p(l-8) 
Bq 



for ali u G DP''^{AI), where DP'''{M) stands for the completion of C°°{M) with respect to the norm 

lk||DP-9(j\/) = 



M 



\ygU\PdVg 



\PdVr 



M 



ì^dv, 



M 



In this case, we say simply that /p.g B) is valid. Such inequality is known as L^-Riemannian Gagliardo-Nirenberg 



inequality. As pointed out by Brouttelande [5J, Ip^q^r{A, B) are ali equivalent, in the validity sense, for p fixed. This 
assertion foUows from an adaption of the proof of Theorem 1 . 1 of [T^] . 
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The first best Constant associateti te Ip,q r{A, B) is defined by 



Aopt = inf{j4 € K : there exists i3 G R such that Ip^q^r{A, B) is valid} 
and tlie corresponding optimal incquality on D^''i{M) is Ip^q^r{Aopt, B), i.e 



/ \u\-dvg)^ < (Aopt I ^^guY-dvg + B I H^dv^ ( I Wdvl\ 

JM J \ JM JM / \Jm / 

Using again the idea of the proof of Theorem 1.1 of fT^, one may easily check that Aopt — A{p,q,r). In particular, 
the explicit value of Aopt is known in the case q > p and r — ^^p_i'^ ■ Some special cases of optimal L^'-Riemannian 
Gagliardo-Nirenberg inequalities have been studied in the last years. For instance, the optimal L^-Riemannian Sobolev 
inequality (i.e. Ip,q,riAopt: B) with q — ^"^^^^ and r — p*) was proved to be valid for 1 < p < 2, independently, by 



Aubin and Li and Druet lOj, with bcst Constant Aopt found by Aubin I] and Talenti [E]. The optimal L^- 

Riemannian Nash inequality (i.e. Ip q^r{Aopt, B) with p — 2, q ^ 1 and r = 2) was proved to be valid by Humbert 

[TI] with best Constant Aopt found by Carlen and Loss [6j. More generally, Brouttelande proved in [5] the validity of 

Ip,q,r{Aopt, B) for p ^ 2, q < r and l<q<2<r<2 + ^q. In general, we cannot hope the validity of optimal L^- 

Riemannian Gagliardo-Nirenberg inequalities for p > 2. In fact, let (M,g) be a n-dimensional compact Riemannian 

manifold with scalar curvature Scalg positive in some point xo of M. Assume l<p<n, p<q< ^''^^_p^ and 

r = eIìzII Por cach e > 0, define 
p— 1 ' 

'«e(exp^o(x)) = ■q{x)We{x), 

where rj € C^{Bs) is a cutoff function with 5 > smaller than the radius of injectivity of M, 'w^{x) = e~p^w(|) 
and w is the extremal function givcn in Arguing in the same spirit of Druet [S], after several straightforward 
computations, we find for p > max{2, 2(7/3}, 

(J,,|u,|-rf^,)^ ^ 

p(i-i)) ^opt J^,/ I VgUel aug 



Im K\Pdvg 

^Scalgixo) (^Aoptiir^h + ^hhir^~') - ^/s) + o{e') 



0(£2) 

as e — > 0, where Ik denotes the foUowing integrals 



-oo 



Ii= [ w" dx, l2 = f \Vw\P\x\'^ dx, h = f w'kP dx, 
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/ \Vw\P dx, h = f wHa^P dx 

JR" JR" 



n+2 
3 ■ 



When r ^ p*, this result recovers the non-validity of [9j sirice the condition above on p yields 2 < p < 
Our main result statcs the vahdity of Ip,q,r{Aopt, B) for 1 < p < 2 and a family of parameters r and q. 

Theorem 1.1. LeÀ {M,g) he a compact Riemannian manifold of dimension n > 2. If either l<p<2, p<r and 

2 

1 < q < r < p* orp = r>l,q>l and ^ < q < p, then Ip.q.r{Aopt, B) is valid. 

Riemannian versions of L^-Euclidean Gaghardo-Nirenberg inequahties of [5] in the case 1 < p <2 are in particular 
included in our thcorcm. Theorem 11.11 also extends the optimal L^-Riemmanian Gagliardo-Nirenberg inequality of [5] 
for r > 2. Our proof is inspired in the works of Druet ,10J and Brouttelande [5]. New technical dilRculties however arise 
for other values of p. We remark that the proof given in 5 for p — 2 does not extend directly io p ^ 2. An illustrative 
example of this restriction is Lemma 2.3. In order to surround this obstacle, we use a version of the distance lemma 
(see the third step) which works well in the case 1 < p < 2. Through these ideas it is also possible to simplify a little 
the proof of L^-Riemannian Sobolev inequality given in [lOj . 

The optimal L^'-Riemannian logarithmic Sobolev inequality states 

/ \u\nOg{\u\P)dVg< -log (Aopt I \WgUY>dVy+B\ 

JM P \ JM J 

for ali u e H^'P{M) such that ||w||lp = 1- The validity of this inequality is an open question for 1 < p < 2. We 
remark that Thcorcm ll.il provides a tool to investigate the validity of this inequality. In fact, consider the second best 



Constant associated to /p,q,r (A, B) given by 



B{p,q,r) = mì{B e R : Ip^g^r{Aopt, B) is valid} . 

Lct q > p and r — ^'"^Zp ■ In this case, the value of Aopt is A{p, q), see [7 . If B{p, q, r) is bounded on q, then, taking 
q l p va Ip^q^r{Aopt, B{p, q, r)), one obtains the desired logarithmic inequality as a limit case of optimal L^'-Riemannian 
Gagliardo-Nirenberg inequalities. Note, however, that the a priori estimates problem for the second best Constant is 
in general quite delicate. 



2 Proof of Theorem 11.11 

We proceed by contradiction as in lOj and j5j. So, for each a > 0, one has 



Va = inf Jq(u) < A{p,q,r) \ (3) 
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where E = {u € DP'1{M) : ||m||l'-(m) = 1} and 

p(i-g) 

\J M JM J \JM / 

Since Jq, is of class C^, using standard variational arguments, we find a minimizer Ua ^ E oi Ja, i-e. 

Jq(Wq) = i^a = inf Jaiu) . (4) 

One may assume Ua > since V^lual = ìV^Uq- Clearly, Ua satisfies the Euler-Lagrange equation 

-j^ 

AaAp,gUa + aAaUP^'^ H —BaU'^^^^ l^-aU'^a^ , (5) 

o 

where Ap^g = — divg(|Vg|P~^Vg) is the p-Laplace operator on M , 



p(i-a) 



Ar, = \ l u'^dvg 
M 



/ |VgUa|Pdwg + a / uP,dvg][ I uldv. 

and 



gU,Q,| U,Ug r I U.^<J,Ug I 1 I ^a"'"g 



e. 



_ 1 

By a regularity result due to Tolksdorf pTOj, it foUows that Ua is of class C^. 

In the foUowing, we divide the proof into three steps. Several possibly different positive constants indepcndent of a 
are denoted by c and q. We also assume, without loss of generality, that the radius of injectivity of M is greater than 2. 

First step: The foUowing convergences 

(a) ^«/m \^gUa\'Pdvg ~* A{p,q,r)-^, 

(b) ^ ^(Jwrl, 

(c) a^c« /m <dvg -> 0, 

(d) ^ A(p,(7,r)-i 
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hold as a — > oo. 



Proof of (a): It foUows from ^ and g]) that 

aAa u^dvg < A{p,q,r)~'^, 
Jm 



so that 



Ao, / uP^dvg ^ . (6) 



M 



From Aopt — A{p, q, r) and ([3]), one arrives at 



l<A^({A{p,q,r)+e) [ \V gU^\Mvg + B, j 

V JM JM J 

for some Constant independent of a. Letting a — > oo and e — > and using onc has 

liminf (Ac. / \\IgUa\Pdvg] >A{p,q,r)-^ . 
V Jm ) 

Noting that A^ /^^ iV^Ual^dug < ^(p, g, r)^^ for aU a, we conclude the part (a). 
Proof of (b): This asscrtion fohows dhectly from 

A^ \ \^guJPdvg <v^< A{p,q,rY^ 

JM 

and the part (a). 

Proof of (c): Taking the hmit in 

Aa \ \\I guJPdvg^aA^ ì u^dvg < A{p,q,r)-^ 

JM JM 

and again using (a), we find (c). 

Proof of (d): From definitions of Aa and Ba, one has 



Ba / u'^dVg ^ Aa / IWgUal^dVg + aAa / u^dv^ 

Jm Jm Jm 

So, the part (d) foUows directly from (a) and (c). 



Let Xa € M be a maximum point of Mq, i.e 

Ua{Xa) = ||Wq||loo(m) ■ (7) 

1 

Second step: Let {ca)a>o be a family of positive numbers such that — — ° 0. Then 



U^dVg 1 



'B(Xq,Cq) 

The proof of this step is fairly technical and long. In order to make it clear we state two lemmas. 
Lemma 2.1. Let Da = B{xa,Aa\\ua\\j^aJ'(^j^j-^)- There exists a Constant c > such that 

for a larga. 



> c 



Proof of Lemma 12.11 By ^ and (b) of the first step, one has 



aAa uPadvg<c uldvg < c\\ua\\lZj^j. Kdvg, 

J M JM JM 



so that 



a^a|ka|liJ(M) <C. (8) 



In particular, ^Q,||Mct||^oJ|.^^^ — > 0. For x e -6(0, 1), define 



Clearly, satisfies 



ha{x) = g(exp^^(A^ \Wa\\Lo.\M) ^))' 



Y Q 

Arguing as in ([8|), we find 

SO that aU coefficients of the equation above are bounded. So, from ||</3q||loo(m) i£ 1 Sinà an a priori estimate due to 
Tolksdorf [ini, one concludes that (fa converges to <p in C/q^(ì3(0, 1))). In particular, f ^ since ipa{0) = 1 for ali a. 
We claim that 
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i<iKnr4M)^^<c (9) 



lL°°(M) 

for some c > independent of a. In fact, by the Cartan expansion of ha, we have 



for each < 6 < 1. Thus, from 



B(o,i) Jb(o,s) Jb{o,s) 



-1 



B(0,1) V / JD^ 

Oq n{r — q) 



p{l — 9) 7ip + rp — nr 

and ||Ma||L'-(A/) = 1, we find 



np + rp — nr 6q tìq / np + rp — nr ii \ ti(1 — 6) 



II,, II'--? 4^(1-"'— II,, Il " pti-») /lp(i-«) — ( II,, Il p /iPl <^ 
||"-a|lioc(jv/')^a — ll"a|lLoo(M') ~ I 1 1 I Il°o (M) " ' ^ • 

On the other hand, from the definition of , we have 



M 



SO that ^ holds. By (fTU| . we may write 



r — pq — np 



(10) 



'B(0,1) ÌM^^^-^a \ / 

The proof then foUows from Q and (^^ ^ (ys in C;oc(-B(0, 1)). 



^ p I |ti^ 1 1 ^p 

Lemma 2.2. Lei (ca)a>o he a family of positive numbers such that — ^ _^ q y/jg^ 

Proof of Lemma 12.21 Let rj G Cq(M) be a cutofF function such that 77 = 1 on [0, |], 77 = on [1, 00) and < ry < 1. 
Define rja^k{x) = •q{c^^dg{x, Xa)Y j where r = Taking Uaff^ k ^ ^^^^ function in ([5]), one has 

Aa 1 \VgUa\^r]a^kdVg + Aa \VgUa\''~'^UaVgUa ■ Vg{r]a ,.)dVg + aAa Ua'na,kdVg 

Jm ' Jm Jm 

+ —^Ba [ ulrìl^^dvg ^ fla [ KVa,kdVg ■ (11) 
JM Jm 
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By |Vg?7„,fe| < ^ and (Hi, 



A„ / ui 

Ib(x. 



Coi 



KdVg < ( [ ul^dVg 

"a \Jm 



1-E 



dv„ 



T"p — n r+np 



< c 



J^a I |Wq 1 1 i^^l^M) 



So, by (a) of the first step, r < p* and the assumption of the lemma, one concludes that 



JM 



Using (b), (c) and (d) of the first step in (fTTj) . we find 



hm [Aa / \VgUc,\Pr]lkdvg] + ——A{p,q,r) ^ hm 



AI 



v4(p,9,r) 1 



hm / ul^rilj^dvg 



On the other hand, for each £ > there exists > such that 



M 



Wa,kdvg < iA{p,q,r)+e) 



p(i-fl) 



1/ \^g{UaVa,k)\''dVg + <Vl,kdVg)( Kvl^kdVg] 

JM JM / \JM / 



So, by the definition of Aa, one has 

<v"c.,kdvgy <{AÌp,q,r)+e)[ I \V gU,,\Prjl,^dv^ 



M 



M 



a I \ I <ll.kd'"g 

M 



+ cAa / IVg-Ual^ ^■nl^^Ua\V g'qaAdVg cAa / < | VgT^a.fc l^dWg + cAq / 
JAf JM JM 

Therefore, by \12\ and (c) of the first step, 



hm 



Wa,kdvg] <A{p,q,r) hm / ì'^gUcfvl.k'^Vg] hm 



_____ ug 11111 I |Vgu,Q| ila,k"'"g , 



( 



[hi <'nl,kdvg) 



p(i-g) 

Bq 



Let 



Xfc^v4(p,g,r) hm (a„ / | VgU„|''??^ ;,dwg ) , rfc = A(p,g,r) hm [ A^, / |VgMa|f??^ ^^dwg 



dvg, Afe = lim 



, Afe = lim 



Then, (fT^ and HH) may bc written as 



and 



i — u 



(16) 



^fe^'^^FfeA, , 



or equivalently, 



and 



1 - 



These relations lead us to 



Afe < 



I Zi "'-' ^eXkZ, 1 a!. 



(17) 



Define /(x, z) = i-« — 9xz i-« . It foUows easily that / is non-increasing in z for < a: < z and non-decreasing 
in z for X > z > 0. Noting that Zk ~ OXk + (1 — 0)Xk impfies that either Afe < Zk < Xk or Xk < Zk < Afe, then 
fiXk,Zk) < f{Xk,Xk). So, by m, 



X, <IY,^X-^]'-' À| 



On the other hand, from (a) of the first step, one has 



A{p,q,r)o hm ( / 77a,fe|Vii„|Pdug ) hm ( A„ / |Vii„|Pdug 



M 



AI 



Xk 



So, 



(18) 



By Lemma |2.1[ for any fc, we have 
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< c < lim ""'T' 7 - """r " a"? — ^ = '^k ■ 

Since q < r and t = one concludes easily from (flS]) that 

Afe < Afe < Afe_i . 

These inequalities lead us to 

< c < • • • < Afe+i < Afe+i < Afe < • • • < lim ^7'^°^ , . 

Noting that 

Ao = lini f q- < hm < 1, 

it foUows from (fT5|) that c < (Aq < 1 for ali fc. Therefore, Ao = 1 and this concludes the proof. 

Proof of the second step: From ^ and Lemma [221 we find 

Af\B(x„,c„) ^ ^ JM'^i'dVg J^jUldVg 

So, 



^ 1 



-B(a;Q,Ca) 



The next step states a priori estiniates of Uq in two distinct cases: p < r and p — r. Note that here it arises a 
discontinuity interesting phenomenon with respect to p. Such estimates involve the weight Aa and this dependence is 
essential in proof of Theorem 11.11 

Third step: There exists a Constant c > such that 

{&) Aa" dg{x,Xa)Ua{x) p < C lì p < r , 

(b) dg{x, Xa)Ua{x)^ < c ìì p — r 
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for ali X € B{xa, 1), where dg stands for the distance with respect to g. 

Proof of the thìrd step: Suppose, by contradiction, that the assertion (a) is false. Set Wa{x) = Aa dg{x, Xa)'^ Ua{x). 
Let Ha € B(xa, 1) be a maximum point of Wa- Then, Wa{ya) = \\wa\\L°°{B(x^,i)) ~^ oo. We first show that 

B{ya,AS,Ua{ya)'^) n B{Xa,Wa{yaTA^^Ua{ya)^) = (19) 

for some i/ > and a large. Note that this fact is clcarly implied by 

dg{Xa,ya) > AE,Ua{ya) " + (j/a)"^.? | |Ua | I^L (m) ■ 

But this incquality is equivalent to 

Wa{ya)~ " > Waiya)"" + Ua{y a) I l'^a I Il~(A/) • 

Taking < ly < ^—^ we see that the inequality above holds for a large since Wa{ya)~^ and Wa{ya)~ oo. 
This ends the proof of ([TO]) . Note that AaUa{ya) ^ since ||wa||L°=(B(a;Q.i)) ~^ F^i'' ^ ^ ^(0, 1), define 

1 p-r 

ha{x) = g{expy^{AS;Ua{ya) " x)) 

lpa{x) = Ua{ya) ^ UaiexPy^{AE, Ua{ya) " x)). 

Clearly, ipa satisfies 

Ap,„>„ + aA^uM^^^Va'' + ^Sa"a(ya)^->r' = A^aC"' • (20) 

Let < c < 1. We claim that Ua{ya) > cua{x) for ali x £ B{ya, AaUa{ya)^~) and a large. In fact, set cq = . 

1 p-r 

Then, AaUa{ya) < (1 — co)dg{xa, ya) for a large, so that 

1 p-r 

dg{Xa,x) > dg{Xa,ya) - dg{x,ya) > dg{Xa,ya) - AS,Ua{ya) " > Codg{Xa , ya) ■ 

So, the desired estimate foUows directly from 

Aa" " dg{Xa,ya)''-''Ua{ya) = Wa{ya) > Waix) ^ Aa" " dg{Xa, x) Ua{x) . 

In particular, 



L-(B(0,1)) 



< C 



(21) 



for a large. By PU]) . 
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-8(0,1) "'S(0,1) 

for ali positive test function e Co(i?(0, 1)). So, by Moser's iterative scheme, ^ and (fTU]). it foUows that 



1 = SUp ìpa <C I VadVh^ = C ( AS^~^ UaiVaY 

B(0,i) JB(0,1 



< c 



Pq||l°°(m) 



UaiUa) / J D, 

1 p-r 

where Da ~ B{ya, AaUa{ya) ^ )■ This last inequality may be rewritten as 



where rrio 



Ua,{Vc) 



< c < rria ì u^dvg, 
and a = Iì£iinì±£I_ xhe second step combined with ([T9|) provide 



(22) 



u^dvg — > 



as a ^ oo, so that nia oo. We now derive a contradiction freni ([22|) . Froni ([2T|) . ([9]) and (|TOl) . we find 



< c . 



(23) 



Consider the function r]a{x) — ri{Aa dg{x,ya)ua{ya) ), where ry G Co(M) is a cutoff function such that ry = 1 on 
[0, i], 77 = on [1, 00) and < f] < 1. Taking Ua?7^ as a test function in (O, one has 



Clearly, 



Jm Jm 

+ [ KVadVg = Ma / KVadVg ■ 

^ JM Jm 



VadVg 



/ IVgMal^ '^VgUa-Vg-qadVg <S |VgUa|P?7gdWg + Ce / |Vg7?Q|^'<dW 

JM JM J De. 



From dui, ® and (UH]), it foUows that 



Aa / |Vgr,„|f<di;<,< A„(A^i/%„(y„)^)?' / uldvg < cuM" {AIuM'^Y < cm. 



M 



Da 



Consequently, these inequalities, (|23p and (b) of the first step imply 



(24) 
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Jm Jm Jm 



(25) 



On the othcr hand, Ip^q^r{A, B) provides 



ul^dvg 



< ( / MYdvg <c[ ÌVgU^ÌWcdvg [ / MJ-^dv^ 
M J \Jm / \Jm 



p(i-g) 

Oq 



p(i-9) p(i-e) 

+ c (yj^^ \Vgn^\^uldv^ (yj^M^Ydv^ ^ + c [j^Mofdv^ (^Jju^v^ydvg^ • (26) 

Using PH) and (PS)) . we may then estimate each terni of the right-hand side of ([^H). By (a), (c) and (d) of the first 
step, 



M 



\VgU^\Pv^ dvg [ MJ'dvg 



M 



< 



A^J^^jVgU^Pdvg 

p(i-e) 
A R ^ 



Ba I ulri'^dvg 

AI 



p(i-g) 

< CTOq , 



M 



M 



and 



< 



A^J^,j\\/gfì^\PuldVg 



AaBa 



B^ f ulrjPdv, 



p(i-e) 



< cma 



-(1+^) 



{u^^fdvg / (^.„r;P)«d«, 



p(i-e) 



< 



Replacing these estimates in (pSj) . one has 



Af 



p(i-fl 
—55— 



Pd-g) ( -Ba / VaKdVg I < cma 



SO that 



"^Q / ul^dvg < cma 

'De 



'^(-if(i+^^)+i) 
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From the range of p, q and r, it foUows easily that 



So, 



re f pil - e)\ 



m- / ul^dvg 

Da 



since TOq, — !■ cx). But this contradicts (|22p . and so the part (a) is proved. 

In order to prove the part (b), we again argue by contradiction. Since part of the arguments are similar to those 



ones already used, we wiU omit some details. Set Wa{x) = dg{x, Xa) ^ Ua{x). Let ya G B{xa, 1) be a maximum point 
ofwa- Then, Waiya) = \\wa\\L-^(B(xaS)) "> oo. Arguing as in (a), one has 

S(ya,Ua(ya)-")nS(a:„,A|u.„(ya)'') = (27) 



for some v > Q and a large. From Waijja) oo, it foUows easily that = ||wq||^oo^^^)Uq(?/q.)p — > 0. For x e -6(0, 1), 
we set 

haix) = giexpy^{aax)), 

ipaix) ^ Uaiya)~^Ua{e:>q)y^{aax)) . 

Clearly, ìpa satisfies 

We now verify that each coefficient of this equation is bounded. By © and (c) of the first step. 



By (d) of the first step, one has 



so that, by ®, 



aa^ = Q;||uQ||^oo(\^-)"a(2/Q) < caAa < c 



-Sai l^^^j^-j < C, 



A A 4 

-^a -^ot 

since g — p + 1 > 0, and 
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Arguing as in (PT|) . one easily checks 



_i±£l 
l'Ita 1 1 ]^ao(i^)Ua{ya) 

< C 



l"°llL~(B(,„,«„(y„)-^)) ^ ^""(2^") • (28) 



Hence, we have 



||V'a||L=°(S(04)) ^ C . 

By Tolksdorf [TB], we conclude that ìpa converges to in C/q^(ì?(0, 1)). Noting that ^ 0, by 

p(i-e) JB{ya,aa) " g 



B(0,1) JAf 



<C( " JBfa . )"."-9 _ 



Therefore, Lemma and imply 

_ ||"a||L°°(A-f) 
UaiVa) 

We now show by induction that exists 7^ ^ oo such that, for each k 



00 



uldvg ^ . (30) 



By ® and 



JM "a"'^9 



' B{yc,Uc{yc,) ") JAf 

Then, applying Lemma [2T2l and ((27|l . one obtains 



r , , ^-R.U^dVg 

■'B(ya,.Ua,{ya,) n) " " 



Let 7o = p— q. Supposing that (|30p holds for some 7^ > 70, we will then show that (|5D|) also holds for 7fe+i = 7/c(l + i^), 
where > is a fixcd positive number to be determined later. Consider the function ija.kix) = rj{2''ua{ya)" dg{ya, x)), 
where ry G Cq (M) satisfies 77 = 1 on [0, 77 = on [1, 00) and < < 1. Taking Ua?7^ k ^ ^^^^ function in ^ and 
using the first step, one finds 
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Aa, ( \S/gU^\Prilj^dvg + aA^ / ulrgj^dvg + B^ [ u^rj^ 

JM JM JM 

JM JM 



By dH) and one has 



and 



M 



Aa / ì'^gVa.kì^'uPdVg < Cm^ 
JM 



since |Vg?7a,fc| < cuaiva)"- Then, 



(31) 



JM JM JM 



On the othcr hand, using Ip^q^r{A, B) one has 



(32) 



/ , uldvg < / (u„77^^)Pdwg 

JB(y„,2-('= + i)«„(y„)-7r) JM 



< c 



M JM JM / \JM 



Therefore, ([3T|) . ([32|) and (d) of the first step imply 



Uadvg < aria 



7.(1+^)^ 



/i3(y„.2-(''+i)«„(a„)-tr) 

From the definition of 0, it foUows that this estimate may be rewritten as 



B(y„,2-(''+i)«„(y„)-7r) 



where 



7fe+i = 7fe 



n{p- q) +pq, 

. 2 

So, the proof foUows by induction and, moreover, 7^ — > cx). Fixing k large such that 7^ > ""^^ , we arrive at the 
foUowing contradiction 
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0<C< -IpadVho, < UaiVa) " \\Ua\\LZ(M) / p vF^dVg < Cm. 

This ends the proof of the third step. 



Final conclusions: In this last part, we will estimate several integrals by using the third step and will derive a 
contradiction at the end. Let r] G Cq (^) ^® ^ function such that 7/ = 1 on [0, l),r] = on [2, oo) and < r] < 1. Defìne 
ilaix) = r]{dg{x,Xa))- The optimal Euclidean Gagliardo-Nirenberg inequality provides 

p p p(i— 



{uaVaYdx] <A{p,q,r){ \V{UaVaWdx] i (l 



ul^dx] < / [uaVaYdx] <A{p,q,r)\ / {"^{UaVaWdx ] I / {ua'qafdx 

B{x^,l) ) \JB{xa,2) 

Using normal coordinates and the Cartan expansion 

(1 — cdg{x,Xa)^)dvg < dx < {1 + cdg{x,Xa)^)dvg, 

we obtain 



B{x^,l) 



u'^dx] <A{p,q,r)i / l'^giUaVaWdVg + C \\/g{Ua'naWdg{x,Xafdv. 

j \JB{x„,2) JB{x^,2) 



X ^>1q, + c( / ul^dvg] ( / (ua'rìafdg{x,Xaf'dv, 

Applying then the inequalities 

|Vg(Ua??a)r < |VgUaP + c|r?aVgUa|^'"^|UaVgr?a|+c|Uc,Vgr?a|^ 

and 



q, r) [Ao, J \S/gUafdvg^ + A{p, q, r) (aA^ J <(iwg^ < 1, 



one arrives at 



ul^dx] +cAa / u^dvg+cAa / riP\'\/gUa\^dg{x,Xa)^dVg 

1) / JM ÌB(xa,2) 



A{p, q, r)aAa / u^^dvg < 1 - / 

Jm \Jb{xc, 

+ci \VgUa\''dVg] ( KdVg] il {UaVa)''dg{x,XafdVg] 

\JB{xa,,2) I \Jm J \Jm / 
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+ cA^ f €~'\^gUc,f~^\ygVo.\uadvg . (33) 

We now estimate each term of the right-hand side of (I33|) . By ([8|), we may apply the second step with Ca — l for ali 
a, so that Jg^^ '^a'^Vg ^ 1. In particular, there exists c > such that 



c < / M^da; < c 



So, the Cartai! expansion and HucH^rj-^/-) = 1 lead us to 



ul^dx < C 1 - / ul^dx < C / ''J-adVg + C / U^^dg{x,Xa)^dVg . (34) 

'B(a;„,l) / \ Jb(xc,,1) ) J M\B(xa,,l) J B(xa,.l) 

Let C e C^(R) be a function such that < C < 1, C = on [0, i], C = 1 on [1,00). Define Ca = C{dg{x,Xa))- Taking 
UaCa ^ test function in ([5]), one finds 

/ 0^gUc.\''dVg<C [ (Pu'^^dVg + cAa, [ C^'^lWgUa^r^lWgUUo^dVg, 

Jm Jm Jm 



so that 



/ a\^gUa.\''dVg<cAa, f uldVg+c( U^dVg. (35) 

Jm Jm Jm\b(x^,^) 



This implies 



/ CS|VgU„|P-iu„dwg < cA„ / uldvg + c <dvg . (36) 

Jm Jm JM\B(xa,,^) 

Since p < 2, it foUows that 

'-l-a-rfj^ g'^a\^~^dg{x,Xa)dVg < £ I rf^\V gUaY" dg{x , Xaf dVg + Ce l U^dVg. (37) 
M JM JM 

Taking Uad'^rj^ as a test function in fS]), one has 

Aa lfa\'^gUaY'dg{x,XafdVg<cl ul^dg{x , Xaf dv g + cAa l U^rj^l^/ gUa\^~^ dg{x , Xa)dVg 

JM JB{x^,2) Jm 



Jm 

So, from (j36|) and ([37|) . we obtain 



/ ria\'^gUa\^dg(x,Xafdvg < c I ul^dg{x , x^f dv g + c ì u'advg + cAa uP^dvg . (38) 

M Jb(xo,,2) JM\B{x^,^) Jm 
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It foUows from (|35p that 



Va ^NgUaì'' ^ì'^gVcìUadVg <cAa U^dVg + C KdVg. (39) 

Jb{x^,2) Jm JM\B(xc,1) 

Finally, taking Uadir]^, as a test function in ([5]), one has 



\UadVg 



Ba j ulr]Pdg{x,Xa)'^dVg < C / u]^dg{x,Xa)'^dVg + Aa / 1]P ^|VgUa|^ ^|Vg77„| 

Jm JB(x^,2) JB(xc,2) 

+ UarìP\VgUa\P~^dg{x,Xa)dvg . (40) 

JM 

Using dS^, ((57|) and one arrives at 

-Sa / ulr]Pdg{x,Xa)'^dvg < cAa U^dVg + C ul^dg{x,XaYdvg + c j 

JM JM JB{x^,2) JM\B{xc,^) 

or equivalently, 



P(l-B) 



1 

,2, 



IVg-Ual^dUg / uldVg] / [u a^aY dg{x , X a) dVg \ < cAa / uPrfWg 

B(xa,2) I \JM J \J M J JM 



+ c ul^dg{x,Xafdvg + c ì ul^dvg . (41) 

JB(x^,2) JM\B(x^,^) 



Replacing ([33]), (gT]) and ^ in ([231), we obtain 



aAa i u^dvg < cAa / u^dvg+c / wj^dwg + c / ul^dg{x,Xa) dvg . (42) 

JM JM JM\B(x^,^) JB(xa,2) 

We now analyze separately the cases p < r and p — r. For p < r, we use the part (a) of the third step and obtain 

/ '^adVg = / dg{x,Xa)~^dg{x,XaYu'^^~PuPdVg < cAa / U^dVg 

JM\B(x„.Ì) JM\B(x„.Ì) JM 



and 



ul^dgix.Xafdvg ^ ì dg{x,Xaf Pdg{x,Xa,Yul^ ^U^dVg < cAa / U^dVg 

lB{xa,2) JB{x^,2) JM 

since p < 2. Replacing these inequahties in (jl^ . one finds a < c. This contradiction ends the proof of Theorem ll.il 
in the case p < r. FinaUy, consider the case p = r. From the part (b) of the third step, one has 



UadVg < / dg{x,Xa) Pdg{x, Xa^ {uS^Ua " dVg < Ua " dVg, 

M\B{x^,^) JM\B{xa,^) JM 
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and 



P r p np — p"^ r np — p'^ 

I uPdg{x,XafdVg ^ / dg{x,Xa)'^~''dg{x,Xay{Ua)''Ua" dVg < C Ua " dVg. (43) 

J B{xa,2) J B{xa,,2) JM 

_ 2 

l{ q< "-P^P ^ by interpolation inequality, one concludes that 



Ua " dvg < { I u'^dvg = Ao 

M \J M / 



In this case, from (|42p . wc again obtain the contradiction a < c. For q > "^^^ , we have 



Ua " dVg < ci ul^dVg = cAa 

M \JM ) 

Set (5o = ("-pKp-?) ^ Let C e (7^(1») be a function such that < C < 1, C = on [0, i], C = 1 on [l,cx)). Defìne 
Ca = C(c^g(2;, a;Q.)). Taking UqCq ^-s a function test in ([5]) and arguing in a similar manner to the proof of pop . one 
arrives at a Constant c > such that 

uldvg<cA'-, 



ÌM\B(x^,\) 

where 5^ satisfies the recurrence relation, for any fc > 0, 



g(p — n) + np 
In particular, 5fc > 1 for k large. We now show that 



for ali fc > 0. From we have 



ul^dg{x,Xa) dvg < cA^ 



uldg{x,XaYdvg < cA'° 

B(xa,2) 



Let rja{x) = i]{dg{x,Xa), where ij e Co(M) satisfies 77 = 1 on [0, 77 = on [l,oo) and < 77 < 1. Taking UarjPd^ as 
a test function in ([5|), we obtain 

Aa / \\7gUa\^r]Pdg{x,Xaydvg + aAa / uPr]Pdg{x,Xaydvg + Ba / ulr]Pdg{x,Xaydvg 

JM JM JM 

<cAÌ°+Aa / \VgUa\P-^rìP^-^Ua\'Vgr]a\dg{x,Xa)Pdvg + Aa / \VgUa\P-^r]Puadg{x,XaT^^dv.^ 



9-1 

M J M 
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so that, applying Hòlder and Young inequalities, 

ia\^r]Pdg{x,Xaydvg + aAa uPT]Pdg{x,XaYdvg + Ba ul^rf^dg{x,XaYdvg 

Jm Jm 



Aa I NgUo 



< cAÌ° + cA^ [ uldvg < cA'^ 



On the other hand, Ip^q^r{A, B) and the hypothesis ^ < q provide 



ul^dg{x,Xa) dvg\ < / {Uarfadg{x,Xa)''YdVg 
<c( / \VgUa\PrìPdg{x,XaYdVg + / \\'gUa\P~^r]P~^dg{x,Xa)~^^^Ua\Vg{rìPdg{x,Xa)Ì)\dv. 



a 

p(l-fl) 



+ / 'UaNg{Vad'g{x,Xa)'')\'^dVg + / u^dg{x,Xa) dvg \ ì / ulr]^dg{x, Xa) " dVg 
JM JM / \JM 

[ \VgU^\Pj^ldg{x,Xo.fdVg+l U^dV g + l] [ [ U^^dg (X , X dV g] < C ( A^" ^ ^ + ^) ) ^ 

\JM JM\B(xa,,h) / \JM J 



Hence, 



vP^dg{x,Xaf'dvg < cA^^ 



Arguing by induction, it easily foUows that 



/ uP,dg{x,Xc)^dvg <cAÌ'' 

JB(x„.l) 



for ali /c > 0. Combining this estimate with (|42p we again arrive at the contradiction a < c. This ends the proof of 
TheoremO ■ 
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